Abstract. We present a first order scheme based on a staggered grid for the shallow water equations with topography in two space dimensions, which enjoys several properties: positivity of the water height, preservation of constant states, and weak consistency with the equations of the problem and with the associated entropy inequality.
§1. Introduction
The shallow water equations form a hyperbolic system of two conservation equations (mass and momentum) which are obtained when modelling a flow whose vertical height is considered small with respect to the plane scale. The solution of such a system may develop shocks, so that the finite volume method is usually preferred for numerical simulations. Two main approaches are found: one is the colocated approach which is usually based on some approximate Riemann solver, see e.g. [3] and references therein; the other one is based on a staggered arrangement of the unknowns on the grid. Indeed, staggered schemes have been used for some time in the hydraulic and ocean engineering community, see e.g. [1, 2, 12] . They have been recently analysed in the case of one space dimension [5, 8] , following the works on the related barotropic Euler equations, see [11] and references therein. In the present work, we obtain a discrete local entropy inequality; furthermore, we extend the consistency analysis of the scheme to the case of two space dimensions, and we weaken the assumptions on the estimates, namely we no longer require a bound on the BV norm of the approximate solutions, at least for the weak formulation (the passage to the limit in the entropy still necessitates a time BV boundedness).
Let Ω be an open bounded domain of R 2 and let T > 0. We consider the shallow water equations with topography over the space and time domain Ω × (0, T ):
in Ω × (0, T ), (1a) ∂ t (hu) + div(hu ⊗ u) + ∇p + gh∇z = 0
in Ω × (0, T ),
h(x, 0) = h 0 , u(x, 0) = u 0 in Ω.
where t stands for the time, g is the standard gravity constant and z the (given) topography, which is supposed to be regular in this paper. These equations solve the water height h and the velocity u.
Let us recall that if (h, u) is a regular solution of (1), the following elastic potential energy balance and kinetic energy balance is obtained by manipulations on the mass and momentum equations:
Summing these equations, we obtain en entropy equality of the form ∂ t η + divΦ = 0, where the entropy-entropy flux pair (η, Φ) is given by:
For non regular functions the above manipulations are no longer valid, and the entropy inequality ∂ t η + divΦ ≤ 0 is satisfied in a distributional sense.
In this paper, we build a decoupled scheme, involving only explicit steps; the resulting approximate solutions are shown to satisfy some discrete equivalent of (2) and (3); furthermore, under some convergence and boundedness assumptions, the approximate solutions are shown in Section 5 to converge to a weak solution of (1) and to satisfy a weak entropy inequality. §2. Mesh and space discretizations
Let Ω be a connected subset of R 2 consisting in a union of rectangles whose edges are assumed to be orthogonal to the canonical basis vectors, denoted by (e (1) , e (2) ).
Definition 1 (MAC grid). A discretization (M, E)
of Ω with a staggered rectangular grid (or MAC grid), is defined by: -A primal grid M which consists in a conforming structured partition of Ω in rectangles, possibly non uniform. A generic cell of this grid is denoted by K, and its mass center by x K . The scalar unknowns (water height and pressure) are associated to this mesh. -The set of all edges of the mesh E, with E = E int ∪ E ext , where E int (resp. E ext ) are the edges of E that lie in the interior (resp. on the boundary) of the domain. The set of edges that are orthogonal to e (i) is denoted by E (i) , for i = 1, 2. We then have
ext ) are the edges of E (i) that lie in the interior (resp. on the boundary) of the domain. For σ ∈ E int , we write σ = K|L if σ = ∂K ∩ ∂L. A dual cell D σ associated to an edge σ ∈ E is defined as follows: Figure 1 : Notations for control volumes and dual cells (in two space dimensions, for the second component of the velocity).
th partition is refered to as the i th dual mesh; it is associated to the i th velocity component, in a sense which is clarified below. The set of the edges of the i th dual mesh is denoted by E (i) (note that these edges may be orthogonal to any vector of the basis of R 2 and not only e (i) ) and is decomposed into the internal and boundary edges:
ext . The dual edge separating two duals cells D σ and D σ is denoted by = σ|σ . We denote by D the dual cell associated to a dual edge ∈ E defined as follows:
In order to define the scheme, we need some additional notations. The set of edges of a primal cell K and of a dual cell D σ are denoted by E(K) and E(D σ ) respectively. For σ ∈ E, we denote by x σ the mass center of σ. The vector n K,σ stands for the unit normal vector to σ outward K. In some cases, we need to specify the orientation of various geometrical entities with respect to the axis:
-the dual edge separating D σ and D σ is written
The size δ M of the mesh and its regularity η M are defined by:
where | · | stands for the one (or two) dimensional measure of a subset of R (or R 2 ).
The discrete velocity unknowns are associated to the dual cells and are denoted by (u i,σ ) σ∈E (i) , i = 1, 2, while the scalar unknowns (discrete water height and pressure) are associated to the primal cells and are denoted respectively by (h K ) K∈M and (p K ) K∈M . The scalar unknown space L M is defined as the set of piecewise constant functions over each grid cell K of M, and the discrete i th velocity space H E (i) as the set of piecewise constant functions over each of the grid cells D σ , σ ∈ E (i) . As in the continuous case, the Dirichlet boundary conditions are taken into account by defining the subspaces
, may then be written:
In the same way the functions h ∈ L M are defined by h(x) = K∈M h K 1 1 K (x) and the notation σ refers to
Description of the scheme Let us consider a uniform discretisation 0 = t 0 < t 1 < · · · < t N = T of the time interval (0, T ), and let δt = t n+1 − t n for n = 0, 1, · · · , N − 1 be the (constant) time step. The discrete velocity u and water height h unknowns are defined by:
where 1 1 [t n ,t n+1 ) is the characteristic function of the interval [t n , t n+1 ) and the space functions u n and h n take the form defined in the previous section. We propose the following decoupled discretisation of the system (1), written in compact form, with the various discrete operators defined below.
Initialisation:
Projection operators -The operators P E and P M used in the initialisation step are defined by
For q ∈ L 2 (Ω), P M q ∈ L M is defined by:
Discrete time derivative -The symbol ð t denotes the discrete time derivative for both water height and momentum:
where h D σ is the discrete water height in the dual cell, which is computed from the primal unknowns (h n K ) n∈N,K∈M and defined so as to satisfy a discrete mass balance, see below.
Discrete divergence and gradient operators -The discrete divergence operator div M is defined by:
where F K,σ is the (conservative) numerical mass flux, defined by
int , i = 1, 2, while h σ is approximated by the first order upwind scheme namely, for
The discrete gradient operator applies to the pressure and the topography and is defined by:
with for i = 1, 2:
The above defined discrete divergence and gradient operators satisfy the following div-grad duality relationship [7, Lemma 2.5]:
Discrete convection operator -The discrete nonlinear convection operator C E (hu) is linked to the discrete divergence operator on the dual mesh by the relation C E (hu)u = div E (hu ⊗ u), where the full discrete convection operator C E (hu) is defined by:
and the i-th component C E (i) (hu) of the convection operator is defined by:
where u i, is approximated by the upwind technique with respect to the sign of F σ, . The quantity F σ, is the numerical mass flux through outward D σ ; it must be chosen carefully to ensure some stability properties of the scheme as in [7, 11] . Indeed we recall that in order to derive a discrete kinetic energy balance (Lemma 3 below), it is necessary that a discrete equation of the mass balance holds in the dual mesh, namely:
The water height h D σ and the flux F σ, are computed from the primal unknowns and fluxes so as to satisfy this latter relation thanks to the discrete mass balance on the primal mesh (7b). For σ = K|L ∈ E int , the water height h D σ is defined as a weighted average between h K and h L :
where D σ , D K,σ and D L,σ are defined in Definition 1. The numerical flux F σ, on the internal dual edges, is defined according to the location of the edges as follows: Figure 2 : Notations for the definition of the momentum flux on the dual mesh for the first component of the velocity-left: first case -right: second case.
-First case -The vector e (i) is normal to , and is included in a primal cell K, with Figure 2 on the left for i = 1). Then for a dual edge ∈ E (i) such that = − −− → σ|σ , the flux F σ, through the edge is given by:
since |σ| = |σ | = | |.
-Second case -The vector e (i) is tangent to , and is the union of the halves of two primal edges τ and τ such that τ = − − → K|L, τ ∈ E(K) and τ = − −− → N|M ∈ E(N) (see Definition 1 and Figure 2 on the right for i = 2). The flux numerical through is then given by:
Note that the numerical momentum flux on a dual edge is conservative. It is easy to check that the unknowns h n D σ and F n σ, thus defined satisfy the discrete dual mass balance (13). Discrete water height on the dual mesh, for the topography term -In equation (7d) the interpolation operator I E is defined as the mean value of the water height:
This choice is important to preserve steady states, see Lemma 2. §4. Properties of the scheme The scheme (7) enjoys some interesting properties, which we now state. First of all, thanks to the upwind choice for h n in (1a), the positivity of the water height is preserved under a CFL like condition. 
Second, thanks to the choice (17) for the reconstruction of the water height, the "lake at rest" steady state is preserved by the scheme. Lemma 2 (Steady state "lake at rest"). Let n ∈ 0, N − 1 , C ∈ R + ; let u n+1 ∈ H E,0 and h n+1 ∈ L M be a solution to (7b)-(7d) with u n = 0 and h n + z = C, where C is a given real number. Then u n+1 = 0 and h n+1 + z = C.
As a consequence of the careful discretisation of the convection term, the scheme satisfies a discrete kinetic energy balance, as stated in the following lemma. The proof of this result is an easy adaptation of [10, Lemma 3.2] . Lemma 3 (Discrete kinetic balance). A solution to the scheme (7) satisfies the following equality, for i = 1, 2, σ ∈ E (i) and 0 ≤ n ≤ N − 1:
with R n+1 i,σ ≥ 0 under the CFL like restriction:
The scheme also satisfies the following potential energy balance [10, Lemma 3.3] . Lemma 4 (Discrete elastic potential balance). Let, for K ∈ M and 0 ≤ n ≤ N the potential energy be defined by (E p )
A solution to the scheme (7) satisfies the following equality, for K ∈ M and 0 ≤ n ≤ N − 1:
with
Note that the right-hand side of Equation (22) may be negative, and thus the quantities R n+1 K also. This is specific to explicit schemes (for implicit or pressure-correction schemes [9] , this residual is non-negative) and prevents getting a stability estimate for the scheme. However, combining the two previous lemmas allows to prove that convergent sequences of solutions to the scheme satisfy an entropy inequality, as depicted in the next section. To this purpose, we will pass to the limit in a discrete entropy balance which is built as follows. Let K ∈ M and let us denote by (E k ) n K the following quantity, which may be seen as a kinetic energy associated to K:
Then, for σ 0 ∈ E(K), we define a kinetic energy flux, which we denote by G n K,σ 0 , as follows. Let us suppose, for instance, that σ 0 ∈ E (1) . We denote by the face of D σ 0 parallel to σ 0 and included in K and by the opposite face of D σ 0 . In addition, σ 0 is the union of two half-faces of the dual mesh associated to the second component of the velocity, which we denote by τ and τ , and we denote by σ and σ the two faces of K belonging to E (2) such that τ ∈ E(D σ ) and τ ∈ E(D σ ). We then have:
Multiplying the kinetic energy balance equation (19) associated to each face σ of K by 1 2 |D σ | and summing the four obtained relations with (21), we get
where T n+1 K collects the residual terms in (19) and (21), and thus T n+1 K ≥ R n+1 K . We now remark that, thanks to the discrete mass balance equation and the fact that the topography does not depend on time,
and we finally obtain the following discrete entropy balance:
Consistency analysis
The objective of this section is to show that the schemes are consistent in the Lax-Wendroff sense, namely that if a sequence of solutions is controlled in suitable norms and converges to a limit, this latter necessarily satisfies a weak formulation of the continuous problem.
A weak solution to the continuous problem satisfies, for any
This system is supplemented with a weak entropy inequality, for any nonnegative test func-
with η and Φ defined by (4).
Before stating the global weak consistency of the scheme (7), some definitions and estimate assumptions are needed. u (m) ) m∈N be the associated sequence of solutions of the scheme (7)).
Assumed estimates -We need also some a priori estimates on the sequence of discrete solutions (h (m) , u (m) ) m∈N in order to prove the consistency result we are seeking. First of all we assume that h (m) > 0, ∀m ∈ N which can be obtained under the CFL condition (18). Furthermore:
-The water height h (m) and its inverse are uniformly bounded in L ∞ (Ω×(0, T )), i.e.there exists some constants C, C ∈ R * + such that for m ∈ N and 0 ≤ n < N (m) :
Finally, the weak consistency to the entropy inequality is only proved under additional assumptions. First we need the following condition on the space and time steps, which is stronger than a CFL condition:
Second, the L 1 (Ω, BV) norm of the height is required to be bounded, i.e. there exists one constant C such that, for m ∈ N,
We are now in position to state the following consistency result.
Theorem 1 (Weak consistency of the scheme). Let (M (m) , E (m) ) m∈N be a sequence of meshes such that δt (m) and δ M (m) → 0 as m → +∞ ; assume that there exists η > 0 such that η M (m) ≤ η for any m ∈ N (with η M (m) defined by (5)); assume moreover that (27) and (28) hold. Let (h (m) , u (m) ) m∈N be a sequence of solutions to the scheme
Then (h,ū) satisfies the weak formulation (25) of the shallow water equations.
If we furthermore assume the space and time steps satisfy (29) and that the sequence of heights is uniformly bounded in L 1 (Ω, BV), i.e. satisfy (30), then (h,ū) satisfies the entropy inequality (26).
Proof. The proof is obtained by passing to the limit in the scheme and in the discrete entropy balance (23), using the tool of [6] (or, more precisely speaking, simplified versions of these tools adapted to Cartesian grids). The additional assumptions required for the entropy condition are used to prove that the residual term appearing in the discrete potential energy balance, given by (22), tends to zero.
§6. Numerical results
We now assess the behaviour of the scheme on some numerical experiments. The computations presented here are performed with the CALIF 3 S free software developed at IRSN [4].
Rotation in a paraboloid
This first test case consists in calculating the uniform rotation of a circular drop on a support of parabolic shape (see Figure 3) . The computational domain is (0, L)×(0, L) and the elevation of the support is:
with L = 4 and h 0 = 0.1. The fluid height is given by
and the velocity is
It is then easy to check that the mass and momentum balance equations are verified provided that ω 2 = 2 g h 0 . The solution is thus regular, and this test features a regular topography and dry zones (i.e. zones where h = 0). We compare the numerical and theoretical height obtained after one rotation (i.e. ωt = 2π), for different uniform grids and with a time step δt = δx/8. We observe an order of convergence between 0.8 and 1, which is consistent with a firstorder approximation of the fluxes and the time derivative.
A dam-break problem
In this test, the computational domain is: The fluid is supposed to be initially at rest, and the initial height is h = 10 for x 1 ≤ 100 and h = 5 for x 1 > 100. A zero normal velocity is prescribed at all the boundaries of the computational domain. The computation is performed with a mesh obtained from a 1000×1000 regular grid, by removing the cells included in Ω w . The time step is δt = δx/25 (the maximal speed of sound and the maximal velocity are both close to 10). The obtained fluid height is shown at different times on Figure 4 ; they confirm the efficiency of the scheme, and its capability to deal with reflexion phenomena very simply (i.e. just by setting the normal velocity at the boundary to zero, by contrast with schemes based on Riemann solvers which need to implement fictitious cells techniques). 
